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PROPAGATION OF THE SOUND WAVE BY AN
UNCLOSED SPHERICAL SHELL AND
A PENETRABLE ELLIPSOID

In this paper the result of solution of axisymmeproblem of propagation of

sound wave by an unclosed spherical shell and atgzde ellipsoid of rotation

is presented. A spherical radiator is located thim unclosed spherical shell as
a source of acoustic field. The equation of theespidal boundary is given in

spherical coordinates. A scattered pressure feelkpressed in terms of spheri-
cal wave functions. Using corresponding additioti@dorems the solution of

boundary value problem is reduced to solving ofl digiations in Legendre's
polynomials, which are converted to infinite systefiinear algebraic equations
of the second kind. The formula for calculatiorttoé far field and numerical re-

sults for different values of parameters are oleighin

Keywords: sound field, spherical shell, ellipsoid of rotatiodual equations,
spherical radiator

1. Introduction

The study of sound waves propagation in differeatlim has a number of
practical applications in electroacoustics, hydoastics, medical diagnostics,
bioacoustics, creation of multi-layer sound-absuglpanels against noise and
vibration [1-4]. Numerous publications describe greblems of propagation
of sound field by different objects and they udéedent analytical and numer-
ical techniques. We will consider just a few pualions related to the research
topic. The propagation of the sound field by hardsoft, prolate or oblate
spheroids using different techniques is considardg8-12]. The results of the
sound field propagation on permeable and elastiersids are studied in [13-
17]. The analytical description of the acoustiddfiscattered by a inhomoge-
neous elastic spheroid is obtained in [18]. Thdydical solution to the dif-
fraction problem of the plane sound wave on artielapheroid with arbitrary
located spherical cavity is constructed in [19].

1 Autor do korespondenciji/corresponding author: GeiynShushkevich, Yanka Kupala State
Universy of Grodno, 22 Ozheshko St., 230023 Gro@&starus, e-mail: g_shu@tut.by
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In this paper analytical solution to axisymmetriolgem of propagation
of the sound wave by an unclosed thin sphericdl ahe a penetrable ellip-
soid of rotation is presented. A spherical radigdocated in a thin unclosed
spherical shell as a source of acoustic field. &geation of the spheroidal
boundary is given in spherical coordinates. Thestsmh of boundary value
problem is reduced to solving of dual equationd.égendre's polynomials
which are converted to infinite system of lineageddraic equations of the sec-
ond kind. Numerical results are given for varioadues of parameters of the
problem.

2. Problem formulation

Let a homogeneous spa€ contain a thin unclosed spherical shiell

located on a spheré of radiusd with the center at poin® and arellipsoid
shell S(fig. 1). We denote byD, the area of space bounded by the spliere

and by D, the area of space bounded by takipsoid shell S then
D, =R*\(D,Ur UD,US) holds. The distance between poi@sand O, is
equal tch, .

Fig. 1. Geometry of the problem

A point radiator of sound wave oscillating with angular frequencyw
is located at the poinD. Areas DJ- ,1=1, 2,3, are filled with material in
which shear waves are not being spread. Let dehetdensity of medium by
pi and the speed of sound kyie D;, j=1, 2,3, p1=pa.

To solve this problem we introduce spherical camatis with the point
O and the pointO,. The spherical shell; and the ellipsoid shet are de-
scribed as follows:
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r,={r =d, 0<6<0,<m 0<¢< 2}, (1)

S={r,=r(0), 0<0,<m 0<¢ < 21}, (2)

where r(6,) =a/\/1- vsirf6,, v=€ /(€ - 1) stands for a prolate ellipsoid

of rotation,v =¢e? is used for an oblate ellipsoid of rotatiom,is the eccen-
tricity of the ellipse.
Let p. be a pressure of primary point radiator of soulettf p; be

a pressure of secondary sound field in the ddea j=1,2,3, then the real
sound pressure is calculated by the form®la Re( R é“*‘).

Solution of the diffraction problem is reduced fading pressures;,
j=1, 2,3, which satisfy:
1) the Helmholtz equation [20]

Ap;+k'p =0 (3)
2 62 2
where A= + + is the Laplace operatok; =w/c. is a wave
aXZ ayZ 622 p P 'kl ]
number,
2) boundary condition on the surface of the sphesball I, (acoustical-
ly hard shell):
0
—(p, + =0, 4
5 (P * Pl 4)

wheren is the normal to the surfade, ,
3) boundary conditions on the surface of the ellipabgthell S:

10
=——=D;

) 5
s pyom ®)

S

_ 10
p2|s - p3|s’ p_2£ P2

wheren is the normal to the surfacgand the condition at infinity [20-23]:

M-

lim r [apg—(rM)—ikpz(M)J=O, (6)

where M is an arbitrary point at the space.
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The condition of the continuity of pressure on tipen part of the spheri-
cal shelll \T'; and the normal derivative on the surface of tHeespl” are

given by [22, 23]:

0 0
(pc + p1)|r\rl = p2||—\|—l ) _(pc + pl)‘r =P . (7)

or or “|r

3. Presentation of problem solution

The initial pressure of sound field can be preskirtdhe form [21]:
P.(r8)=Pexp(kn)/r= B ) ( k} R (cdB ), f= &K, 8)
n=0

where hff) (x) are the spherical Hankel functiorf3,(co® | are the Legendre
polynomials,d,, is the Kronecker delteR is constant.
The pressure of the scattered sound field preseastead superposition of

the basic solutions of the Helmholtz equation ihesfral coordinates taking
into account the condition at infinity (6):

P, (1.0) = Pz 8, i(k)R(co8) , & ¢ ©)
o (r.0)= P x (k) R(c08) . P (10)
P2 (1,6,) = Pz Y HO(kur) P co8) , P () (11)
0y (5.,6,) = pg)bn i(kr) P co8) , < M, (12)

where p, = py’ (r,8) + g (1.8,), j,(X) are the spherical Bessel functions of
the first kind.

Unknown coefficients a,, b, ,X,, Y, must be determined from the
boundary conditions.
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4. Fulfilment of boundary conditions

First, we will express functlorp(z)( 91) through the spherical wave

functions in the coordinate system with the origirthe point O using the for-
mulae [22, 23]:

he (k) Py (co®,) = Z/%k(h) i( k) R( co8) , « b,

k+n

Ank (hl) - (2k+1) Z i0'+k—n bénOkO) hél)( kh_) , (13)

o=|k-n|

b{"%% = (nq00 o 0f , (ng00g O) are the Clebsch — Gortzefficients

then

[ee)

P2 (r,6) = z (k) R(c08) P,=Y yiAr(ny) 14)

k=0

Considering (8)-(10), (14) and taking into accothe condition of or-
thogonality of the Legendre polynomials on the riveé [0; 1] the boundary

conditions (4), (7) will become:

>, - (E0)Py(c08) ==Y B i(Ed R( coB) | 966,

n=0 dEO n=o (E()

i(;(—fpn(cofe)z 0,6,<B<sm, &= kd. (19)
n=0 &, In (EO)

We introduce new coefficientsp,Xby the formula

d .
Xy =Xn——1n(&0)+fn N =0,1,.. (16)
dg,

and the small parameter

_ ., A ) e

From the asymptotic representations for functigpe), h®(x), where
n>>x [21]:
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. _ 2" n!(X)n o) _ |(2n)'
=2 % p =&
W)= oy M=o (18)
follows thatg, = O( n‘z) :
The dual series equations (15) take the form
> (2n+1)(1- g) X, R(co8)=> (@r L+ p )f c63 W<,
n:O n=o (19)
> X,P,(co) =0, B,<6<T,
n=0
where
fo =4 - hD(E )/ (@n+1), Py = 4E38y - [n(Eo) /(2n+ ) (20)
dp d,

The dual series equations are transformed to fird@tésystem of linear
algebraic equations of the second kind with the etely continuous opera-
tor using the integral representation for the Lelgerpolynomials [22]:

X, _zgkRnk(eO)Xk:Z(r)k"'fk)Rnk(eO)v n=0,1.., (21)
k=0 k=0
where
1[sin(n- KB, sin(n+ k+ 38, ] sif - k6|
R (0,)== - , =0,.
ok (8) [ n-k n+k+1 n-k |, ° (22)

Now we present the functiop‘zl)(r, e) through the spherical wave func-

tions in the coordinate system with origin at tlenp O; using formula [22,
23]

h® k)P, (co® = S By (h)i (KO)R (coBy ), & L, (23)
k=0

then
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P (1, 8,) = PZszn(krl)P(coé) z, -prBpn ) (24)
where
k+n
Bu(h)=(2k+1) > C1f P g9 HY (ki (25)
o=k-n

In view of the fact that

0 _re) o
aap](ri’e) p](g_ 1) (e) ae

p] (E’ 1 ! j: 213
n=r(6y) (26)
P (c0, - B (co8, ),

1

boundary conditions (5) together with (11), (124)(take the form

> 2,in (T OP,(c0B)+ Y. ¥, (110,) P co8 )=

. (27)
=> buin(kar(8y)P,(cob)
n=0
c R r (el)
zznkljn(zopn(cosel)_ ( )2 Jnel)lén (Coel}
n=0 1
Rkl €)P @08, o8 ) LR 8, > (28)
n=0 1
:g_:lsnz;bn ksjn(€ )Py (coB, ) r((G%Z h€s)P(coB, )8 = K&, ).F 13

Let eliminate coefficients, in (27), (28) using (24), (16). We multiply

the resulting equations bR, (co®) si® @, s=0,1, 2,., and integrate from
0 to TT, and link with (21) then we have
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e,

M8 ||M8

0

>
1l

Ms

>
1l

0 1n:0

where
a,(k))= j in@;)Py(co®,) B cod) s, e, .
bys (k)= jh‘l)( ) P.(co®,) B cod) sh,6d,

a(k;) = dEo in(80) 2 ans( k) Bun( D) . =13

m=0

d

b (k,) = 4|E % Jo(ER o0 9A (h )/ (2p+ D),
p=0 0
o, o(k) ':[[dE,J (& )P, (cosB,) R( co8)sin6, b, ,
Brolk)= [ -SHE )P, (c09) Hf co ) s,
0 1
0, (k)= _[r((e%)zj (& )Ps(cosB,) R( coB ) sih, &,
Boalk )= j "6 o € )P(co® ) B coB) s,

(91)2

[

An,s(ko=d ( )Z ms(k JB m(h )

m=0

3 (0,Rn @08, )X+ 2B ok by = &k g HHE IR b= 012,
X éns(kl)-'-zynbns(kj)_zbrans(kgz_ikz B O(Ih)la' n&k )1

XA (k) + ZY.Bnékl—pe’Zbé\&k)s ~ik ZB o WAk,

(29)

(30)

The infinite system (28) can be solved by the mathictruncation [21].
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5. Numerical experiments
Based on [23]:

(k) Py (c08,) = 3, Aol 1) (K Bl cc8) .7 b

B p+n
Ap(h)= Y (20437 B0%0 ) (kn)

o=|p-n

(31)

we present the functiop’” (1,,8,) in the coordinate system at the point O:

pS(r.8)=PY N (k) R(coB) . N=> A B ¥ (32)
n=0 p=0
Using the asymptotic expression for the functigf (kr) [24]:
h® (k)= (-)™%e* /kr, kr- o (33)
we obtain the pressure in the far zone:
eikr
p,(r.8)=P o GO) (34)

where

G(e)=2(—i)“”[xnfjn(ﬁo)+f W+ 2A BN Yy DJP fcos8).  (35)
n=0 0 p=0

The unknown coefficients Xy, are found from the system (29). Using
Mathcad [24] the function @] has been calculated for some parameters of the
problem. The spherical functions have been caledl&ty means of built-in
functions Mathcad. The infinite system (36) hasrbealved by the method of
truncation [21]. The computational experiment shaleat the truncation or-
der for the considered parameters of the problembeaequal to 25. With this
truncation the solution of the system (29) has wgul0*.

Figure 2 shows plots of function @(for some values of the frequency
f of the sound field. The remaining parametersegpgal to: h=1.0 m, a =0.3
m, b =2a,d =0.2 m), =1t/ 4. The areas D D are filled with water (c= ¢

= 1483 m/sp1 = p, = 1000 kg/m). The area Bis filled with organic glass §c
= 2565 m/sps = 1200 kg/r).
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Figure 3 shows plots of function @(for some values of the angg of
the thin unclosed spherical shEll The remaining parameters are equal to: h
=0.8m,a=03mb=04m,d=0,1 fn1000Hz. The areas DD, are
filled with water (@ = ¢ = 1483 m/sp: = p, = 1000 kg/m). The area BPis
filled with ice (&= 3980 m/sps; = 900 kg/m).
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Fig. 2. Graphs of function @) for some values of the frequency f of the
sound field
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Fig. 3. Graphs of function @) for some values of the angf

6. Conclusions

It has been shown that the solution of the probt@npropagation of
sound field by an unclosed spherical shell andreefpable ellipsoid of rotation
is reduced to the infinite system of linear algébequations of the second
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kind. The equation of spheroidal boundary is cogr&d in the spherical coor-
dinates. The spherical radiator is considered asstiurce of the sound field
located within the thin unclosed spherical sheteTaddition theorems for
spherical wave functions and the method of solutibthe dual series equa-
tions in Legendre’s polynomials have been used.dédweloped methodology
can be practically used in sound screen production.
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ROZCHODZENIE SI E FALI AKUSTYCZNEJ PRZEZ OTWART A
SFERYCZNA POWLOK E ORAZ PRZENIKALN A ELIPSOIDE

Streszczenie

W artykule przedstawiono wynik rozyviania problemu osiowosymetrycznego rozcho-
dzenia g} fali akustycznej przez otwarsferyczm powtoke oraz przenikalg elipsoidt ruchu
obrotowego. Sferyczny radiator, jakoddio pola akustycznego umieszczono w cienkiej sfe-
rycznej powtoce. R6wnanie granicy sferoidalnej padare wspotrzdnych sferycznych. Pole
rozproszonego émnienia wyraono w funkcjach fal sferycznych. Wykorzystajodpowiednie
dodatkowe twierdzenia rozydanie problemu warksi granicznej zredukowano do rozwania
podwojnych réwna w wielomianach Legendre'a, ktére przetworzono ykiesnu nieskiaczo-
nego liniowych réwna algebraicznych drugiego rodzaju. Otrzymano wzoérobbiczenia pola
przestrzennego oraz wyniki numeryczne diay&h wartdci parametrow.

Stowa kluczowe:pole akustyczne, powloka sferyczna, elipsoida uuchrotowego, réwnania
podwadjne, radiator sferyczny
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